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Abstract 



We consider the strong and weak solutions to the Cauchy problem of the inhomogeneous in- 
compressible nematic liquid crystal equations in two dimensions. We first establish the local 
existence and uniqueness of strong solutions by using the standard domain expanding method, 
and then extend such local strong solution to be a global one, provided the initial density is 
away from vacuum and the initial direction field satisfies some geometric structure. The size 
of the initial data can be large. Based on such global existence results of strong solutions, by 
using compactness argument, we obtain the global existence of weak solutions with nonnegative 
initial density. 

Keywords: global strong solutions; global weak solutions; nematic liquid crystal. 

1 Introduction 

The evolution of liquid crystals in R d is described by the following system 



d tP + div(pu) = 0, (1.1) 

p(u t + (u ■ V)u) - Au + Vp = -div(Vd Vd), (1.2) 

divu = 0, (1.3) 

d t d+{u- V)d = Ad+\Vd\ 2 d } (1.4) 

\d\ = l, (1.5) 



where p is the density, u represents the velocity field of the flow, d is the unit vector field that 
represents the macroscopic molecular orientation of the liquid crystal material and p denotes 
the pressure function. The notation VdOVd is a dx d matrix whose (i, j)-the entry is did-djd, 
1 < i,j < d. 

System fll.ll) - fll.5l) is a simplified version of the Ericksen-Leslie model, which reduces to 
the Ossen-Frank model in the static case, for the hydrodynamics of nematic liquid crystals 
developed by Ericksen [TJ, [2] and Leslie [3] in the 1960's. Both the full Ericksen-Leslie model 
and the simplified version are the macroscopic continuum description of the time evolution of 
the materials under the influence of both the flow velocity field u and the microscopic orientation 
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configurations d of rod-like liquid crystals. A brief account of the Ericksen-Leslie theory and 
the derivations of several approximate systems can be found in the appendix of [I]. For more 
details of physics, we refer the readers to the two books of Gennes-Prost [5] and Chandrasekhar 
[6]. Though the above system is a simplified version of the full Ericksen-Leslie system, it still 
remains the most important mathematical structures as well as most of the essential difficulties 
of the original Ericksen-Leslie system. 

In the homogeneous case, i.e. p = C, Lin-Lin jU [7J initiated the mathematical analysis 
of fll.2p - fll.4p in the 1990's. More precisely, they proved in [I] the global existence of weak 
solutions to the initial and boundary value problem to the system fll.2|) - fll.4p with |Vd| 2 <i re- 
placed by Ginzburg-Landau type approximation term d in bounded domain of two or 
three dimensions. They also obtain the unique existence of global classical solutions in dimen- 
sion two or in dimension three but with large enough viscous coefficients. In [7J, they proved 
the partial regularity theorem for suitable weak solutions, similar to the classical theorem by 
Caffarelli-Kohn-Nirenberg [8] for the Navier-Stokes equation. When take the term |Vo?| 2 (i into 
consideration, the system becomes more complicated from the mathematical point of view, 
since it is a supercritical term in the equations of d. So far, the global existence of weak solu- 
tions are proven only for the two dimensional case, see Lin, Lin and Wang [10], Hong jTT] and 
Hong and Xin [12J. The approach used in [10] and that used in JTTJ [12] are different, where 
the global existence is proven directly to the liquid crystal system with term |V<i| 2 <i, while in 
[TTj IT2] . the strategy is to show the convergence of the solutions to the approximate system 
with penalty term d as e — > 0. The uniqueness of such weak solution was later proven in 

In non-homogeneous case, i.e. the density dependent case, the global existence of weak 
solutions to the liquid crystals equations with penalty term f(d) instead of | Vd\ 2 d is established 
by Jiang and Tan in [14] and Liu and Zhang in [15] , see Liu and Hao [16] and Wang and Yu [17] 
for the compressible case. The existence of weak solution to density dependent liquid crystals 
equations with term |Vc?| 2 <i for arbitrary initial data is not known in the present, see Jiang, 
Jiang and Wang [18] for a result in this direction, where the global existence of weak solution 
to compressible liquid crystal equations in two dimensions is obtained under some geometric 
assumption on the initial direction, see also Wu and Tan [25] for the global existence of low 
energy weak solutions in three dimensions. When the initial data gains more regularity, one 
can expect to obtain more regular solutions than the weak ones. Wen and Ding [9J obtain 
the local existence and uniqueness of strong solutions to the Dirichlet problem of the system 
f ll.ip -( Ti~5]) in bounded domain with initial density being allowed to have vacuum. They also 
established the global existence and uniqueness of solutions for two dimensional case if the 
initial density is away from vacuum and the initial data is of small norm. Global existence 
of strong solutions with small initial data to three dimensional liquid crystal equations are 
obtained by Li and Wang in [21] for constant density case, Li and Wang in [22] for nonconstant 
but positive density case, and Ding, Huang and Xia in [23] and Li [23] for nonnegative density 
case. 

In the present paper, we consider the global existence of strong and weak solutions to the 
Cauchy problem of the system fll.ip - fll.5p . More precisely, if the initial data is regular and 
away from vacuum, we obtain the global strong solutions, and if vacuum appears initially, then 
we obtain the global weak solutions. As the first step of our procedure, recalling the local 
existence and uniqueness of strong solutions has been proven in [9] in bounded domain, we 
use the standard domain expanding method to obtain the local existence of strong solution to 
the Cauchy problem under the assumption that the initial density is away from zero. After 
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obtaining the local strong solutions, the next step is to extend such local strong solution to 
be a global one. For this purpose, the main issue is to do the estimates on the local strong 
solutions which guarantees to extend the local solution to any finite time, obtaining the global 
strong solution. The energy inequalities established in Lemma 12.21 shows that all the higher 
order estimates are based on space time L 4 bound of Vd. Using the rigidity theorem established 
recently by Lei, Li and Zhang in [26], we can successfully obtain the a priori bound on L 4 norm 
of Vd in space and time, and thus finish the proof of global strong solutions. And finally, using 
the compactness results of Lions in [20] , we can establish the global existence of weak solutions 
to the Cauchy problem. 

Before stating our main results, we give the definitions of strong and weak solutions. 

Definition 1.1. Let < T < oo. (p,u,d,p) is called a strong solution to the system 
( fi.ij) -( TO)) in Qt = R 2 x (0,T) with initial data (po,uo,do), if 

p G L°°(R 2 x (0,T)), Vp,p 4 G L°°(0,T;L 2 (R 2 )), 
Vp G L°°(0, T; L 2 (R 2 ) n L 2 (0, T; L q (R 2 )) 

u G L°°(0, T; H 2 (R 2 )) n L 2 (0, T; W 2 ' q (R 2 )), u t G L°°(0, T; L 2 (R 2 )) n L 2 (0, T; H^R 2 )), 
Vd G L°°(0, T; H 2 {R 2 )), d t G L°°(0, T; H\R 2 )) n L 2 (0, T; H 2 (R 2 )) 

for q G [2, oo), satisfies equations U. J)) -< f773]) a.e. in R 2 x (0, T), and the initial data (p , u , d ) 
a.e. in R 2 . 

Definition 1.2. Let < T < oo. A triple (p,u,d) is called a weak solution to the system 
( fi.jj) -( TOp Qt = R 2 x (0, T) with initial data (p ,uo,d ), if 

p G L°°(R 2 x (0, T)), J-pu G L°°(0, T; L 2 (R 2 )), 
u e L 2 (0,T;H\R 2 )), dim = in V \Q T ) , 
Vd G L°°(0, T; L 2 (R 2 )), |d| = 1 a.e. on Q T , 

and tae following hold true 

Po^p(x, 0)dx + / (p(p t + pu\7ip)dxdt = 0, 
Jo Jm 2 

/ / [(Vn -pu®u-VdQ Vd) : - puip t ]dxdt = 
Jo Jr 2 



p u i(j(x,0)dx, 



[ [ [Vd : V0 - d0 t + ((« • V)d - | Vd| 2 d)0]dxdt = / d o 0(x, 0)dx 
Jo Jr 2 Jr 2 

for all Lp G ^(R 2 x [0,T)) ; ^ G C °°(R 2 x [0,T)) wii/i diwp = and G ^(R 2 x [0,T). 
Our main results are stated in the following two theorems. 

Theorem 1.1. Assume that < p < p (x) < p < oo, Vp e L 2 (R 2 ), u G i7 2 (R 2 ), 
Vd G id 2 (R 2 ) with divu = 0, |d | = 1 and d 0> 3 > e > 0, where p, p and e are positive 
constants. Then there exists a unique global strong solution (p, u, d) to the system M.1\) - [T7^) , 
complemented with the initial data (p,u,d)\t=o = (po^cdo). 
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Theorem 1.2. Assume that < po(x) < p < oo, po — p G L q (M?) for some q G (l,oo) ; 
uq G L 2 (M. 2 ), Vd G L 2 (IR 2 ) with divu = 0, \d \ = 1 and d 0<3 > e > 0, where p, p and e are- 
positive constants, c?o,3 is the third component of the vector d Q . Then there exists a global weak 
solution (p,u,d) to the system ( fi. l\ )- (T7h)) . complemented with the initial data (p,u,d)\ t =o = 
(po,u ,d ). 

Remark 1.1. In theorem \l.l\ we assume that the initial density is away from vacuum, while 
in Theorem M.^. the initial density is allowed to have vacuum. 

The rest of this paper is arranged as follows: In section (TJ we do some estimates on the local 
strong solutions in the balls .Br(O), including the a priori energy estimates and the existence 
time of strong solutions independent of the parameter R; In section [3j by taking the limit 
R — > oo of the solutions obtained in the previous section, we firstly establish the local existence 
and uniqueness of strong solutions to the Cauchy problem of liquid crystal equations via the 
standard domain expanding argument, and then extend such local strong solution to be a 
global one; and finally, in section HI we obtain the global weak solution by using compactness 
argument. 

2 Estimates on the local strong solutions in bounded 
domains 

In this section, as preparations of the next section, we do some estimates on the local strong 
solutions in the balls 5^(0), including the a priori energy estimates and the existence time of 
strong solutions independent of the parameter R. 

We first state the following local existence and uniqueness of strong solutions to the Dirichlet 
problem in bounded domain. 

Lemma 2.1. (Local existence in bounded domain, see \9j) Assume that p > 0, p G 
H\n) n L°°(n), u G #d(fi) n H 2 {Vt), d e H 2 (tt) with divu = 0, |d | = 1 on U, and the 
following compatible condition is valid 

Au - Vp - div(Vd Vd ) = y/pog 

for (po,<?o) ^ H 1 ^) x L 2 (Q). Then there exists a constant T, such that the system U. 1\) - /[J~5\) 
complemented with the initial and boundary conditions 

(p,u,d)\ t=0 = (p ,u ,d ), 
(u,d)\m = (0,d ), 

has a unique solution (p,u,d,p) on = x (0, T), satisfying 

pGL oo (0,T;/7 1 (fi)nL oo (g T ), p t G L°°(0, T; L 2 {Vt)), 
u G L°°(0, T; Hl{Vl) n H 2 (n)), u t G L 2 (0, T; H*(n)), 
pGL^CT;^)), 

d G L°°(0, T; H 3 (tt)), d t G L°°(0, T; Hq(Q,)). 

Now, we state and prove our main result of this section, concerning the energy estimates 
on the local strong solutions and the existence time independent of the parameter R. 



Lemma 2.2. (Estimates on the existence time and a priori estimates) Let all the assump- 
tions in Lemma \2. II hod true, and we assume in addition that < p < po(x) < p for positive 
constants p and J). Let (p,u,d,p) be the solution given in Lemma \2. 1\ with Q = Br(0), R>1. 
Sete = C{p,p)(l+\\u \\l + \\Vd \\l) ) 

ei = C(p,^[l+||tio||J+||Vtio||l+||Vdo||^+||Vdb||g+||V a do||^ 
and 



e 2 = ||-«o||t-K ||V^o||l-t- ||V 2 ^o||l-K ll^^olll-K ||Vrf ||t-K ||Vrf !ll + ||V 2 rf ||t-K ]|V 3 rf 112 



2)i 



where C(~p,p) is a positive constant depending only on p and p. 

Then the existence time can be chosen depending only on e = Cq + e\ + e 2 , and the following 
inequalities hold true 



t 

2 Til 2 N 



sup(|M|^ + ||VO+ / (\\Vu\\i+\\Ad+\Vd\'d\\i)ds<e , 

0<s<t 



t 

2 i IIT7J||4\ 



£i(t)< ei (t+l) + e / (\\Vu\\ 2 2 + \\Vd\\i)(E 1 (s) + e 1 )ds, 

Jo 

E 2 {t) <e + e 5 / (l + E 5 1 (s))(l + E 2 (s))ds, 
Jo 

E(t) <C(e) 



for any < t < T , and 



sup (||Vp||^ + ||p t ||^ + ||Vp||^+|H|^ + ||V^; 

0<t<T 



+ f{\\V 2 u\\ 2 q + Kill* + \\d t \\ 2 H2 + \\d tt \\l)dt < C(e, ||V Po ||2). 
Jo 



where 



E 1 (t) = sup + \\V 2 d\\l) + l\\\>... \\V 2 „\\i \\Y<lS \\YV\\i)<is. 

0<s<t 



t 

2j 1 1 2 > 



and 



E 2 (t)= sup {\\u t \\i + \\vdtWi) + I (\\vu t \\i + \\d u u + \\v%M)ds, 

0<s<t 



E(t) = E x {t) + E 2 (t) + e. 



Proof. Multiplying (11.21) by u, (11. 4p by —Ad, summing the resulting equations up, inte- 
grating over Q, it follows from (II. ip . (11.31) and (11.51) that 



dt V 2 

and thus 



dx+ (\Vu\ 2 + \Ad+\Vd\ 2 d\ 2 )dx = 0, 
Jn 



t 

2 j||2\ 



sup(||v^u||5+||Vd||^) + 2 / (||V«||^+||Ad+|Vd|^)da<||v^«o||^ + ||Vdo||2<eo. (2-1) 

n<s<* 



d_ 

dt 



Multiplying (11. 2p by Ut and integrating over Vt yields 
d f I ^7 ' u I ^ f f 

— / — - — dx + / p\u t \ 2 dx = — [p(u ■ V)u ■ u t + Ad ■ Vd ■ u t ]dx, 
dt Jq 2 Jq J n 

from which, noticing that < p < p(x, t) < ~p, we obtain, by Cauchy inequality, that 

/ \Vu\ 2 dx + p [ p\u t \ 2 dx <C{p,p) [ (\u\ 2 \Vu\ 2 + \Vd\ 2 \Ad\ 2 )dx. (2.2) 
Jn Jn Jn 

Applying if 2 estimates to the Stokes equations, it follows from (11.21) that 

|| V 2 u\\ 2 2 + \\V P \\l < C\\p{ut + (u ■ V)u) - Ad ■ Vd\\l 

^(^(W' + IIHIVtiiiiS + lllAdiivdiiiS), 

which, combined with (12. 2p . gives 

sup ||V«||!+ / (\\u t \\ 2 2 + \\V 2 u\\ 2 2 +\\Vp\\ 2 2 )ds 

0<s<t Jo 

<C{p,p) [ [ {\u\ 2 \Vu\ 2 +\Vd\ 2 \Ad\ 2 )dxds + C{p,p)\\Vu \\ 2 2 . (2.3) 
Jo Jn 

Taking operator A on both sides of equation (ll.4p yields 

Ad t + (u ■ V) Ad + 2(Vui ■ d t V)d + (Aw • V)d 
=A 2 d + \Vd\ 2 Ad + 2V| Vd\ 2 ■ Vd + 2(Vd ■ VAd)d + 2\V 2 d\ 2 d. 

Multiplying the above equation by Ad and integrating over Q yields 

1 f \^tdx- [ A 2 dAddx< [ (2|Vu||V 2 cf + \Au\\Vd\\V 2 d\ 
dt Jn 2 J n J n 

+ 7|Vd| 2 |V 2 d| 2 + 2|V(i| 3 |VAd|)cfe, (2.4) 



where we have used —Ad ■ d = \Vd\ 2 guaranteed by \d\ = 1. Integrating by parts deduce, 
noticing that Ad\gn = —\Vd\ 2 d by equation (11.41) . that 

- [ A 2 dAddx= [ \VAd\ 2 dx- f ^^AddS 
Jn Jn Jan On 

= f \VAd\ 2 dx+ f ^\Vd\ 2 ddS 
Jn Jan on 

= ( \VAd\ 2 dx+ I (\Vd\ 2 d ^' d) -Ad\VdAdS 
Jn Jan on on 

> [ \VAd\ 2 dx-3 [ \Vd\ 3 \V 2 d\dS, 
Jn Jan 

which, combined with (12 .4p . gives 



<C [ (\Vu\\V 2 d\ 2 + \Vd\ 2 \V 2 d\ 2 + \Au\\Vd\\V 2 d\ + \Vd\ 3 \VAd\)dx 
Jn 



+ / \Vd\ 3 \V 2 d\dS, 
'an 



and thus 

d f \Ad\ 2 
dt 



dx + \WAd\ 2 dx 
Jn 

<e [ \Au\ 2 dx + C [ (\Vu\\V 2 d\ 2 + \Vd\ 2 \V 2 d\ 2 + \Vd\ 6 )dx+ [ \Vd\ 3 \V 2 d\dS. (2.5) 
Jn Jn Jan 

We compute 

\Vd\ 3 \V 2 d\dS = [ \Vd\ 3 \V 2 d\^-ndS = [ dw(^\Vd\ 3 \V 2 d\)dx 



an 

<% ( \Vd\ 3 \V 2 d\dx + C [ {\Vd\ 2 \V 2 d\ 2 + \Vd\ 3 \V 3 d\)dx 

<C I {\Vd\ 3 \V 2 d\ + \Vd\ 2 \V 2 d\ 2 + \Vd\ 6 )dx + e ! \V 3 d\ 2 dx, 
Jb r (o) Jb r (o) 



which, combined with (\2.5L gives 



- / \Ad\ 2 dx+ I \VAd\ 2 dx 
n Jn 



dt 



<e [ {\Au\ 2 + \V 3 d\ 2 )dx + C [ (|W| 2 |V 2 d| 2 + \Vu\\V 2 d\ 2 + \Vd\ 3 \V 2 d\ + \Vd\ 6 )dx. (2.6) 
Jn Jn 

Elliptic estimates give 



|V 3 d| 2 ^ < ||V 3 (rf - rf )||I + ||V 3 d ||l 

n 

<C\\VA(d - d )\\ 2 Hl + || V 3 d \\ 2 2 < C(\\Ad\\ 2 Hl + \\V 2 d \\ 2 m ). (2-7) 
Combining (12.61) with (12.71) . together with (I2.3p . there holds 

sup (||V M || 2 + || V 2 rf|| 2 ) + AlhH 2 + ||V 2 M || 2 + || V 3 d\\ 2 2 )ds 

0<s<t Jo 



<C(p,p)(||Vuo|| 2 +||V 2 rfo||^+||V 2 d ||^) + ^(p,p) f I (\u\ 2 \Vu\ 2 

Jo Jn 

+ |W| 2 |V 2 d| 2 + |V«||V 2 d| 2 + |V 2 d| 2 + \Vd\ 6 )dx. (2.8) 

By Ladyzhenskaya inequality, Gagliado-Nirenberg inequality, Holder inequality and Cauchy 
inequality, we can estimate the terms on the right hand side of (??) as follows 

h= [ [ |w| 2 |Vw| 2 cfec£s < f ||m|| 2 ||Vm|| 2 c/s 
Jo Jn Jo 

<C f \\u\\ 2 \\Vu\\ 2 \\Vu\\ 2 \\V 2 u\\ 2 ds < e [ \\V 2 u\\ 2 2 ds + C [ \\u\\ 2 2 \\ Vu\\ 4 2 ds, 




(\Vd\ 2 + \Vu\)\V 2 d\ 2 dxds< / (||W|| 2 +||V M || 2 )||V 2 (i|| 2 d S 

'0 JQ JO 

<C All W|| 2 + ||Vti|| 2 )(|| V 2 (d - do)\\l + || V 2 d \\l)ds 
Jo 

<C [\\\Vd\\l + ||V M || 2 )(||V 2 (rf - rf )|| 2 ||V 3 (rf - do)||a + ||V 2 d ||D^ 
Jo 

<C j\\\Vd\\l + ||V«|| 2 )(i|V 2 d |II + ||V 2 do|| 2 ||V 3 rf ||2 + ||V 2 rfo|| 2 ||V 3 rf|| 2 

+ ||V 3 d || 2 ||V 2 d|| 2 + ||V 2 d|| 2 ||V 3 rf|| 2 + \\V 2 d4\)ds 
<e f\\V*d\\lds + C r(||Vrf||l+||Vn|| 2 )(||V 2 d|| 2 +||V 2 d ||^ + l)^ 



+ Ct(||V 2 do||^ + ||V 3 rf || 2 + ||V 2 do 114 



I 3 = f f \Vd\ 6 dxds <C f [ (|V(d - d )\ 6 + \Vd \ 6 )dxds 
Jo Jn Jo Jn 

<C [ (||V(d-do)||ll|V 2 (d-do)|| 2 + ||Vrf ||^)^ 



<C / (llVrfll^llV^y + llV^oyilVrflll+llVrfolllllV^II 2 
Jo 

+ \\Vd \\t\\V 2 d \\ 2 2 + \\Vd \\t)ds. 
Substituting these inequalities into (12.81) yields 

sup (||Vn|| 2 + ||V 2 rf|| 2 ) + A||V 2 M || 2 + K|| 2 + \\V 3 d\\j)ds 

0<s<t Jo 

<C7(p lfi )[||Vtio||2 + HV^oll 2 . + (||V a do|||i + ||V 2 rfolH + ||V(fc||g + HVdolllll V 2 d || 2 )t] 
+ C(p,p) j\\\u\\t\\Vu\\t + (\\Vd\\i + || V M || 2 )(|| V 2 rf|| 2 + || V 2 rf || 2 + 1) 
+ ||Wo||^V 2 d|| 2 ]d S . (2.9) 

Set 

ei = Cfo£)[l+|M|J+||^ 
and 

E 1 (t) = sup (||V M || 2 + |K|| 2 + || V 2 rf|| 2 ) + f\\\u t \\l + \\V 2 u\\ 2 2 + || WJ 2 + ||V 3 rf|| 2 )^, 

0<s<t Jo 

It follows from (EH) and (ES) that 



E^t) < e x {t + 1) + e / (|| Vm|| 2 + \\W dWD^s) + e x )ds. (2.10) 

Jo 

By Ladyzhenskaya inequality, it follows from elliptic estimates that 

\\Vd\\\ <C(\\V(d - do)\\\ + \\Vd \\t) < C(W(d - do)||jj||V 2 (d - d )\\l + llVdollt) 
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<C(\\Vd\\l\\V 2 d\\l + \\Vd \\l\\V 2 d\\ 2 2 + ||V 2 d || 2 2 ||V^ + || WolhH V 2 rf || 2 + HVdollJ) 
^(eo + ex + eollV^H 2 ), (2.11) 

which, substituted into (I2.10p . gives 

Exit) <ei(l + t) + e / (#i(s) + e + e x + e £a(s))(.Ei(s) + ei)ds 

Jo 

<ei(l + t) + e (e + ei) / (£i(s) + dfds, 

J o 

and thus 

+ei < e x (l + t) + e (e + ei) / (E^s) + e x ) 2 ds. 

Jo 

Noticing that E\(t) is increasing, the above inequality implies 

Ex{t) + ei < e x (l + 1) + e (e + ei)(£7i(t) + ei) 2 t. (2.12) 

Differentiate (11. 2p with respect to t and using (11.11) . it has 

p(u tt + (it • V)«i) - Au t + Vp t =div(pw)(Mi + (it • V)it) - p(w t • V)it 

- div(Vd 4 © Vd - div(Vd Vd t ). 

Multiplying the above equation by u t , and integrating over Q yields 

/ ?-\u t \ 2 dx + [ \Vu t \ 2 dx 
at J n 2 J n 



<C / (\Vu t \\Vd\\Vd t \+p\u\\u t \\Vu t \+p\u\ 2 \Vu\\Vu t \+p\u\ 2 \V 2 u\\u t \ 
Jn 

+ p\u\\Vu\ 2 \u t \+ p\Vu\\u t \ 2 )dx 
<l [ \Vu t \ 2 dx + C [ (\Vd\ 2 \Vd t \ 2 + p 2 \u\ 2 \u t \ 2 + p 2 \u\ 4 \Vu\ 2 
+ pM 2 |V 2 w|h| +p|u||Vm| 2 |^| + p\Vu\\u t \ 2 )dx, 



and thus 

sup \\u t \\l + / HViitll^s 

0<s<i Jo 

<\\Vp~ou t (0)\\l + C(p) f [ (|Vrf| 2 |Vrf t | 2 + p 2 | M | 2 | M4 | 2 + p 2 | M | 4 |V M | 2 

Jo Jn 

+ p\u\ 2 \V 2 u\\u t \+ p\u\\Vu\ 2 \u t \+ p\Vu\\u t \ 2 )dx. (2.13) 

By Ladyzhenskaya inequality, Gagliado-Nirenberg inequality and Cauchy inequality, we can 
estimate the terms on the right hand side of the above inequality as follows 



J\ = / / \u\ | \7u\ 2 \u t \dxds < / ||ii||4|| Vw||4||iit||4ds 
Jo Jn Jo 

<C f \\u\\y 2 \\Vu\\y 2 ||Vn||f ||V 2 M ||f IKHf \\Vu t \\y 2 ds 
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1/211^7 II iij-,2 II 1/2 I. , , 1/2 1 1 ^r-, 1 1 1/2 



<C / HTill^llVTillallV^lli^llTitlli^llVTitlli^ds 
Jo 

<£ f (\\Vu t \\l + \\V 2 u\\ 2 2 )ds + C [ ||u|| 2 ||V«||l|K|| 2 ds, 
Jo Jo 



J2= \u\ 2 \u t \ 2 dxds < \\u\\i\\ut\\ids < C / |M| 2 ||Vu|| 2 |h|| 2 ||V^||2<is 

Jo Jn Jo Jo 

<e [ \\Vu t \\ldx + C [ \\u\\l\\Vu\\l\\u t \\jds, 
Jo Jo 

J 3 = / / |w| 2 | V 2 w| \ut\dxds < / \\u\\l\\ V 2 M|| 2 ||Mj4(is 
Jo Jn Jo 

<C f ||«||2 /2 ||V«||f ||V 2 M || 2 |M| 2 /2 ||V^|| 2 /2 ds 
Jo 

<e f\\\Vu t \\l + \\V 2 u\\l)ds + C f \\u\\ 2 2 \\Vu\\t\\u t \\ 2 2 ds, 
Jo Jo 

J 4 = f j \ u \ 4 \Vu\ 2 dxds < [ |M|^||Vw|| 2 (is 
Jo Jn Jo 

<C I \\u\\ 2 \\Vu\\ 3 2 \\Vu\\ 2 \\V 2 u\\ 2 ds < e [ \\V 2 u\\ 2 2 ds + C f \\u\\ 2 2 \\Vu\\ 8 2 ds, 
Jo Jo Jo 

J 5 = I [ \Vu\\u t \ 2 dxde< [ ||V?i|| 2 K|| 2 (is 
Jo Jn Jo 

<C f \\Vu\\ 2 \\u t \\ 2 \\Vu t \\ 2 ds < e f \\Vu t \\ 2 2 ds + C [ || V M || 2 ||^|| 2 ^. 
Jo Jo Jo 

Substituting the above inequalities into ( 12.131) . it follows that 
sup K|| 2 + / \\Vu t \\ 2 2 ds 

0<s<t Jo 



<C||vW0)|| 2 + C(p) / (IHhllVttll^llutHa + IM| 2 1|V M || 2 |M| 2 ' + ||u||£||Vit| 

Jo 

+ IMl2l|Vu|| 2 i + \\Vu\\ 2 2 \\u t \\ 2 2 )ds + C(p) [ [ \Vd\ 2 \Vd t \ 2 dxds. (2.14) 

Jo Jn 

Differentiate equation (11.4R with respect to t, there holds 

d tt - Ad t = \Vd\ 2 d t + 2Vd : Vd t d - (u ■ V)d t - (u t ■ V)d. 
Taking square power to both sides of the above equation and integrating over Q, we get 

4- f \Vd t \ 2 dx+ f \Ad t \ 2 dx 
dt J n Jn 

<C [ (\Vd\ 4 \d t \ 2 + \Vd\ 2 \Vd t \ 2 + \u\ 2 \Vd t \ 2 + \u t \ 2 \Vd\ 2 )dx, 
Jn 



and thus 



sup || W t || 2 + f \\Ad t \\ 2 2 ds 

n<s<t Jn 
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<\\Vdt(0)\\i + C / (|W| 4 KI + \Vd\'\Vd t \ 2 + \u\ 2 \Vd t \ 2 + \u t \ 2 \Wd\ 2 )dxds. (2.15) 
Jo Jn 

By Ladyzhenskaya inequality, Gagliado-Nirenberg inequality and Cauchy inequality, we have 
the following estimates 



Ki= [ I \Vd\ A \d t \ 2 dxds< [ HVeClKH^s 
Jo Jn Jo 

<C [ (\\V(d-d )\\t+\\\/d \\t)\\d t \\ 2 \\\/d t \\ 2 ds 
Jo 

<C [ (||V(rf-rfo)||2||V 2 (rf-rf )||2 + l|Vrfo||8)ll^l|2||V^|| 2 d S 
Jo 

<C [\(\\Vd\\ 2 + ||Vdo||2)(||V 2 rf||^ + IIV^oIID + HVdolllllKlbllVdtllacfa 
Jo 

<C [\\\Vd \\t + \\V 2 d \\t + HVdolll + \\Vd\\i + ||V 2 d||^)||d t || 2 ||Vd t || 2 d S , 
Jo 



K 2 = / \Wd\ z \Wd t \ 2 dxds < / / \\Vd\\l\\Vd t \\lds 
Jo Jn Jo Jn 

<C [ \\Vd\\l\\Vd t \\ 2 \\^d t \\ 2 ds<s [ \\Ad t \\ 2 2 ds + C [ \\Vd\\i\\Vd t \\ 2 2 ds, 
Jo Jo Jo 

Kz= f [ \u\ 2 \\7d t \ 2 dxds < [ \\u\\l\\\7d t \\lds<C [ ||u|| 2 ||Vtz|| 2 ||Vd t || 2 ||Ad t || 2 ds 
Jo Jn Jo Jo 

<e [ \\Ad t \\tds + C f \\u\\l\\Vug\\Vd t \\lds, 
Jo Jo 

K 4 = f [ \Vd\ 2 \u t \ 2 dxds < [ ||W|| 2 K|| 2 e^ 



o Jn 



<C ||W||I|h|| 2 ||V^|| 2 ds<£ / \\Vu t \\ 2 2 ds + C \\Vd\\\\\u t \\ 2 2 ds. 
Jo Jo Jo 

Substituting these inequalities into (12.151) yields 
sup || WJ 2 + / \\V 2 d t \\ 2 2 ds 

0<s<t Jo 

<C\\ V^(0)|| 2 + C(\\ Vdo\\i + \\V 2 d \\i + || W || 4 + 1) j\(\\Vd\\* + || V 2 d\\i) 
x ||^|| 2 ||V^||2 + ||Vrf||l(||^|| 2 + ||V^|| 2 ) 

+ \\u\\ 2 2 \\Vu\\ 2 2 \\Vd t \\ 2 2 ]ds + e [ \\Vu t \\ 2 2 ds. (2.16) 

Jo 

Combining (12. 14j) with the inequality of K 2 , together with (12.161) . we get 



t 

2j 1 1 2 > 



sup(K|| 2 + ||W t || 2 ) + / (||Wj 2 + ||V^|| 2 )d S 

0<s<t Jo 

<c(ll«t(o||jj + liv^o)!! 2 ) + c(p)(\\vd \\l + \\v 2 d \\i + \\vd \\i + 1) 
x A(i + NI2OII w|| 2 KII 2 + 1| will + H 2 || V M ||^||^|| 2 + \\u\\ 2 2 \\Vu\\t 

In 
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+ (HVdllS + ||V 2 rf||^)||^|| 2 ||V^|| 2 + \\Vd\\i(\\u t \\l + \\Vd t \\l) 

+ \\u\\l\\Vu\\l\\Vd t g]ds. (2.17) 

Using equations ( 11.21) and ( 11.41) . we compute 

\\M0)\\l <C(p)\\(put)(0)\\l < C{p)\\ - Ado ■ Vd - V Po + Auq - Po (u ■ V)u \\ 2 2 
<C(p,p)(||Ad || 2 ||Wo^ + \\Vp \\t + \\V 2 u \\l + \\u \\l\\Vu \\l) 
<C7(p lfi )(||Vdo||l + ||V 2 rf ||l + UVpbll! + HV 2 n || 2 + \\u \\i + \\Vu \\t) 

and 

II W 4 (0)|| 2 <C(||V 8 do|||j + ||Vdo||g + \\Vd \\l\\V 2 d \\l + ||«o||2||V 2 do||2 + ||Vtio||J||Vdo||2 
<C(\\V 3 d \\l + HVdolljj + HVdolU + ||V 2 do||^ + ||«o||$ + l|V«o||D. 



Set 



and 



e 2 =C(p,p)(l + Htiolli + HVtiolll + ||V 2 n || 2 + ||Vpd|||j 
+ ||Vrfo||l+||Vrfo||^ + ||V 2 rfo||l+||V 3 do||^), 



E 2 (t) = S up(|M| 2 + ||W i || 2 ) + / (||V^|| 2 + ||V^|| 2 )rf S . 

0<s<t 



Then, it follows from flU}, ([2~TLj) and (I^TTj) that 

E 2 (t) <e 2 + e 2 [\e E l (s)E 2 (s) + e Ef (s)E 2 (s) + e Ef{s) + (e 2 + E 2 {s))Ex{s) x ' 2 E l 2 /2 (s) 
Jo 

+ (e + ei)(l + E 1 (s))E 2 (s) + e E l (s)E 2 (s)}ds 

<e 2 + e 2 J {(e E 1 (s) + e Ef{s) + 1 + e + e 1 + (e + e 1 )E 1 (s) + e E 1 (s))E 2 (s) 

+ e E i 1 (s) + (e 2 + E 2 (s)) 2 E 1 (s)]ds, 

<e 2 + e 2 [ [(eo + e 1 )(l + J B 1 3 ( S ))E 2 ( S ) + ( eo + e 1 ) 4 (l + E 1 5 ( S ))] C / S 
Jo 

<e 2 + (e + ei + e 2 ) 5 / (1 + ^(s))(l + ^(s))ds. 

Jo 

Noticing that E 2 (t) is nondecreasing, it follows from the above inequality that 

E 2 (t) <e 2 + (e + e x + e 2 ) 5 (l + Ef(t))(l + E 2 (t))t. (2.18) 
Set e = e + ei + e 2 , and E(t) = E^t) + E 2 {t) + e, then it follows from 11212]) and (12181 that 

£(t) < e(l + t) + e 5 £ 6 (t)t, 
from which, using continuity argument, one can easily show that 

E(t)<C(e), forte (0,t e ), (2.19) 
for some positive constant t e depending only on e. 
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By Ladyzhenskaya inequality and Gagliado-Nirenberg inequality, and applying elliptic esti- 
mates to Stokes equations, we obtain 



V 2 u\\i + l|Vp||I < C\\p(u t + (u ■ V)u)\\i + || V 2 d|W||| 



2 



<c(p)(|K||^ + ||w|v«|||^ + |||v 2 d||Vd|||^) 

<C{-p){\\ut\\l + \\uh\\Vu\\l\\ V 2 «|| 2 + || V 2 d|| 2 || Vd|| 2 ) 

<e\\V 2 u\\j + e(\\ V 2 (d - d )\\\ + || V 2 do||^) + C(p)(|M| 2 + H| 2 || Vuf 2 

+ ||V(d-do)||*+||Vd ||*) 
<e|| V 2 «|| 2 + e(C\\ V 2 (d - d Q )\\l\\ V 3 (d - d )|| 2 + \\V 2 d \\i) 

+ c(p)(ht\\l + \\u\\l\\vu\\i + \\v(d - d )g\\ v 2 (rf - do)||! + 1| vdoiil) 

<e|| V 2 u|| 2 + e [C(e)(|| V 3 rf|| 2 + 1) + C{p){\\Ml + C(e))] 

<eC(e)(|| V 2 u\\l + || V 3 d|| 2 + \\u t \\ 2 2 ) + C(e), (2.20) 



and 



l|V 2 n|| 2 + HVpllJ < C\\p(u t + (« • V)u)|| 2 + ||V 2 d|Vd||| 
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<C(||^|l? + lll^l|Vn|||J+|||V 2 d||Vd||| 2 ) 
<C(|M| 2(1 - e) ||Vn,|| 2e + ||u|| 2 jVu|| 2 g + || V 2 d|| 2 J W|||,) 
<C[|| M jf- 9) ||V^||r+||n|| 2(1 - 5) ||V M || 2 ||V 2 M ||r 
+ (||V(d - d )\\f - 5) \\V 2 (d - d )\\f + HWoliy 

x(||V 2 (rf-rfo)||f^||V 3 (rf-rfo)|ir+||V 2 rfo|iy] 
<C(\\u t \\ 2 2 {l - e) \\Vu t \\f + ||n|| 2(1 - 5) ||Vn|| 2 ||V 2 M ||r + C(e) || V 3 rf|| 25 + C(e)) 
<C(c)(I|V«t|ir + || V 3 rf|| 25 + 1) < 5(|| V^|| 2 + || V 3 d|| 2 ) + C7(e) (2.21) 

for any 2 < q < oo, where 9 = 1 — 2/q and 5 = 1 — 1/q. Using Ladyzhenskaya inequality and 
applying elliptic estimates to Laplace equation yields 

||V 3 d|| 2 < C(||V 3 (d-d )|| 2 + ||V 3 d Q || 2 ) < C(\\A(d-d )f H1 + ||V 3 d || 2 ) 
<C(\\d t + (u • V)d - |Vd| 2 d||^ + || V 3 rfo||l) 

<C(||Vd t || 2 + |||Vn||Vd||| 2 + ||M|V 2 d||| 2 + |||Vd| 2 || 2 + || | Vci| | V 2 ci| ||I 

+ Kill + llklvd|| 2 + |||Vd||| 2 + ||v 3 d ||^) 

<C[||W,|| 2 + ||Vu|| 2 ||V 2 u|| 2 (||V(d - d )|| 2 ||V 2 (d - d )|| 2 + HVdollS) 
+ \\u\\ 2 \\VuU\\V 2 (d - d )\\ 2 \\V 3 (d - d )|| 2 + || V 2 d ||4) 
+ ||V(d - d )\\l\\V 2 (d - do)\\* + HVdbllS + (||V(d - do)|| 2 ||V 2 (d - d )|| 2 
+ ||Vd ||D(l|V 2 (d - d )|| 2 ||V 3 (d - d )|| 2 + ||V 2 d || 2 ) 
+ Rill + H| 2 ||Vu|| 2 (||V(d - d )|| 2 + ||Vd || 2 ) 
x (|| V 2 (d - d )|| 2 + || V 2 d || 2 ) + ||V(d - d Q )|| 2 

+ ||V(d - d )|| 2 ||V 2 (d - d )|| 2 + ||V 3 d || 2 ] < C{\\Vd t \\l + C{e)). (2.22) 
Combining ( 12. 191) — ( J2.22f) . by taking e small enough, there holds 

sup (\\u\\ 2 H2 + \\vdf H2 + \WpWD + Aliv 3 ^ 2 + ||V P || 2 + \\Vdf H2 

0<*<*. ./n 



ll 1 - 
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+ \\dt\\m + \\dtt\\l)dt < C(e), q G [2, oo). 

Taking the operator V on both sides of equation (II. ip . multiplying the resulting equation by 
2Vp and integrating over Q yields 

^||Vp||I<2||Vtt|| „||Vp||» ) 

and thus 

llVplH <eSoW^W^\\V Po \\l < e c X Hv«lir 2)/(2 - 2) llv^||^^-^ 1Vpo ||2 

By the aid of this estimate, it follows from equation (11 .11) that 

\\pt\\l <\\uV P \\l < tfllulljjJVpH! < IM| 2 ||V 2 M || 2 ||V P || 2 < C(e)||Vp ||i 
The proof is complete. □ 

3 Local and global strong solutions of Cauchy problem 

In this section, we prove the global existence and uniqueness of strong solutions to the 
Cauchy problem of the system (ll.ll) - (ll.5p . i.e. we will give the proof of Theorem 11.11 Our 
strategy is firstly proving the local existence and uniqueness of strong solutions and then ex- 
tending the local solution to be a global one. 

We need the following compactness lemma. 

Lemma 3.1. (See Simon [Wf Corollary 4) Assume that X,B and Y are three Banach 
spaces, with X ' > r > B <—} Y. Then the following hold true 

(i) If F is a bounded subset of L p (0,T; X) where 1 < p < oo, and 4^ = G F} is 
bounded in L 1 (0,T; Y). Then F is relatively compact in L p (0,T; B); 

(ii) If F is bounded in L°°(0,T; X) and ^ is bounded in L r (0,T;Y) where r > 1. Then F 
is relatively compact in C([0,T];B). 

Our local existence and uniqueness result is stated and proven in the following proposition. 

Proposition 3.1. (Local strong solution) Assume that < p < po < p < oo ; Vpo G L 2 (M. 2 ), 
Uq G H 2 (R 2 ) with divuo = 0, Vrf G H 2 (R 2 ) with \d \ = 1. 

Then there exists a time T depending only on p, ~p, \\uq\\ 2 h2 and ||V<io||# 2 ? such that the 
system U.l\) - /[J~h]) complemented with the initial data (p,u,d)\ t=Q = (p ,uo,do) has a unique 
strong solution (p,u,d,p) in Q T = M. 2 x (0,T) ; satisfying 

pGL°°(Q T ), Vp,p t 6r(0,T;L 2 ), 

u G L°°(0, T; H 2 ) n L 2 (0, T; W 2 ' q ), u t G L°°(0, T; L 2 ) n L 2 (0, T; H 1 ), 

Vd G L°°(0, T; H 2 ) n L 2 (0, T; W 2 ' g ), d t G L°°(0, T; H 1 ) n L 2 (0, T; H 2 ), d tt G L 2 (Q T ) 

Vp G L°°(0, T; L 2 ) n L 2 (0, T; L q ) 



forq G [2,oo). 



15 

Proof. Since u$ G H 2 , divu = 0, there is a sequence {uo t R i }'?l 1 , with Ri \ oo and ito,^ G 
Hl(B Ri ) fl H 2 (B Ri ) and divuo,^ = 0, such that mo,_r 4 — >■ wo in i? 2 . Since po > p > 0, the 
compatible condition in Lemma 12.11 holds true with p = 0. Let e be the constants stated in 
Lemma [2721 with u replaced by Wo,^- Recalling that Uo jRi —> uq in iJ 2 , then one can easily 
estimate e < C(p,p)(l + ||mo||h 2 + || Vg?o II // 2 ) 8 - 

By Lemma T2. II and Lemma l2~2l there is a time T depending only on p, p, ||mo||h 2 , HVcZoIIh 2 , 
such that the system fll.ll) - fll.5p has a unique strong solution (pi,Ui,di,Pi) in -8^(0) x (0, T), 
complemented with the initial data (po, uo,r,, do) and the boundary value data (w, d)|an = 
(0, d ), and there hold 



sup (|HIh2 (Bb ) + \\Vdi\\ 

+ / (l|V 2 ^||| 9(Bj?) + \\d t u t \\ 2 m(BR) + HVpilli,^.) + \\d t d t \\ 2 H2{BR) )dt 

Jo 1 1 1 1 

<C(p,p, ||«o||h2, II V<i j| jy-2, ||Vp || 2 ) 

for g G [2, oo). On account of this estimates, using diagonal argument, there is a subsequence, 
still indexed by i, such that 

itj — y u weakly in L 2 (0, T; W 2,ff (.B fl (0))), q G [2, oo), 

ftui d t u weakly in L 2 (0, T; ^(^(O))), 

di ->• d weakly in L 2 (0, T; H 3 (B R (0))), 

OA -> <9 t d weakly in L 2 (0, T; H 2 (B R (0))), 

p, -> p weakly in L 2 (0, T; /^(^(O))), 

d Pl <9 t p weakly in L 2 (B fl (0) x (0, T)), 

^ -»• p weakly in L 2 (0, T; W^fl^O))), g G [2, oo) 

for any i? > 0, and the following inequality holds true 

sup (||* 2 + ||Vd||l, 2 + ||Vp||i 2 + ||^p||| 2 

0<t<T 

+ / T (I|V 2 «||L + \\d t uf m + IIVpIIL + \\d t d\\ 2 H2 )dt 
Jo 

<C(p,p, ||tt ||/p, ||Vdo||fl3, ||Vpo|| 2 ) 



By the Lemma 13.11 there holds 

Ui^uin L 2 {0,T;H l {B R (0))), 
di^din L 2 (0,T;H 2 (B R (0))), 
Pippin L 2 (B R (0) x (0,T)) 

for any R > 0. 

On account of all the above convergence, we can take the limit i — > oo to conclude that 
(p,u,d,p) is a strong solution to the system fll.ip - fll.5p complemented with the initial data 
(p , «0) do)- The uniqueness can be proven in the standard way, thus we omit it here. The proof 
is complete. □ 
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We also need the following rigidity theorem, which grantees the a priori bound on the L 4 
space time norm of Vd. 

Lemma 3.2. (See fEBj) Let 6q > and Co > 0. There exists a positive constant 5o = 
So(e , C ) such that the following holds: 

If d : 1R 2 ->■ S 2 , Vd G if^M 2 ) with ||Vd||i, 2 ( R2 ) < C and d 3 > e , where d 3 is the third 
component of the vector d, then 

||Vd||t 4(R2) <(l-5 )||Ad|| 2 2(R2) . 

Consequently, for such maps the associated harmonic energy is coercive, i.e., 

||Ad+ |Vrf| 2 d||i 2(R2) > |(||Ad|| 2 2(R2) + ||Vd||£ 4(R2) ). 
Now, we can give the proof of Theorem 11.11 as follows. 

Proof of Theorem 11.11 By Proposition 13. 1[ there is a unique strong solution (p,u,d,p) 
in Qt = M 2 x (0,T). To show the global existence, we only need to extend such local solution 
to be a global one. For this purpose, it suffices to show that the quantity 

Q(t)= sup (H| 2 + \\Vd\\ 2 H2 + \\Vp\\l) 

0<s<t 

is finite for any t. 

We extend the local strong solution to the maximal time T*. Using the same argument in 
Lemma 12.21 we can prove that 

sup (IMI 2 + || Vd|| 2 ) + All Vn|| 2 + || Ad + \Vd\ 2 d\\ 2 2 )ds < C, (3.1) 

0<s<t Jo 

El (t) <C(t + l) + C [\\\Vu\\ 2 2 + ||Vd||2)(£i(s) + l)ds, (3.2) 

Jo 

E 2 (t) <C + C [ (1 + E r l(s))(l + E 2 (s))ds, (3.3) 
Jo 

Q{t) < C(p,p, \\u \\m, \\Vd \\m, \\Vp Q \\ 2 ,E 1 (t),E 2 (t)) (3.4) 

for any < t < T*, where C is a positive constant depending only on p, p, \\uo\\h 2 , \\Vd\\ H 2 
and HVpolh, Ei(t) an d E 2 {t) are given by 

E 1 (t) = sup (||V M || 2 + \\d t \\ 2 2 + ||V 2 rf|| 2 ) + [\\\u t \\l + \\V 2 u\\l + \\Vd t \\ 2 2 + \\V 3 d\\ 2 2 )ds, 

0<s<t Jo 

E 2 (t)= sup (|M| 2 + ||W t || 2 )+ / (||V^|| 2 + + \\V 2 d t \\j)ds. 

0<s<t Jo 

Maximum principle to parabolic equation implies that <i 3 > Eo, since <i 0i 3 > £o- Thus, we 
can use Lemma 13.21 to deduce 

t pt 

(|| Ad|| 2 + || Vd\\l)ds <C || Ad + \Vd\ 2 d\\ 2 2 ds < C. 

Jo 

On account of this inequality, by Gronwall inequality, it follows from (13. ip and (13.21) that 

E x (t) <C(t+l), te[0,T,). 



L 
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Combining this with (13. 3p . by Gronwall inequality, we obtain 

E 2 (t) <C(l + t 6 )e c ^ l+t6 \ tE{0,T«). 

The above two estimates immediately imply, recalling f !3.4p . that Q(t) keeps finite for any finite 
time. Consequently, Proposition 13. II implies that T* = oo. The proof is complete. 



4 Global weak solutions 

In this section, we concern on the proof of global existence of weak solutions to the Cauchy 
problem of the system fll.ip - fll.5p . based on the global existence of strong solutions obtained 
in the previous section, by using the compactness argument. 

As a preparation, we need the following compactness lemma due to Lions [20] . 

Lemma 4.1. Assume that 

< p n < C a.e. on R N x (0,T), divu n = a.e. on R N x (0,T), 
d t p n + div{p n u n ) =0 in V'(R N x (0,T)), 

Po ->Po ini'W)), u n weakly in L 2 (0,T;H\B R (0))) for all R E (0,oo), 
u n 

——l {pn>&) = F" + F 2 " for all 5 > 0, 

1 + \x\ 

F x n andF? are bounded in L^OjT; L\R N )) and L\0,T; L°°(R N )), respectively. 

Then, the following hold 

(1) p n converges in C([0, T]; L q (B R (0))) for all q G [1, oo) and R G (0, oo) to the unique 
solution p to 

d t p + div(pu) = in V'(R N x (0,T)) 
p\t=o = Po 
such that 

T ^ n l(p> a) G ^(0, T; L\R N )) + L\0, T; L°°(R N )). 
1 + \x\ 

(2) We assume in addition that p n \u n \ 2 is bounded in L°°(0, T; L l (R N )), u n is bounded in 
L 2 (0, T; H 2 (R N )), and for some q G (1, oo) and m > 1 

— C||V 9 l|L9(0,T;iy m >9(R JV )) 

for all ip G L q (0,T; W m > q (R N )) with dwip = 0. Then 

^/Y l u n -> yfpu in L p (0,T;L r (B R (0))) 
for 2 < p < oo, 1 < r < and < R < oo. 

Now, we can give the proof of Theorem 11.21 as follows. 

Proof of Theorem 11.21 Take a sequence (pi, Mq, d J Q ), such that 

-<d<P+-, VpJeL 2 (K 2 ), pj-p^ Po -pinL«(K 2 ), 
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u 3 e H 2 (R 2 ), divwo = 0, u 3 -> u in L 2 (R 2 ) 

V4 e # 2 (R 2 ), |4| = 1, 4,3 > J, V 4 ->• Vd in L 2 (M 2 ). 

By Theorem II. 1| for each j there is a unique global strong solution (p> ,u 3 ,dP). It follows from 
(11. ip and our assumption that 

y(t)-p\\ q =u-p\\ q ^\\Po-~p\\ q . (4.1) 

Multiplying (II .2p by u\ (11. 4p by —Ad J , integrating over IR 2 , using fll.ip and |<#| = 1, summing 
the resulting identities up yields 

Jr 2 V ^ 2 / ./r 2 Jr 2 \ z J 

By Lemma [3.11 noticing that d 3 3 > y, we deduce from the above identity that 

sup (||v / ^^'|| 2 + ||V^|| 2 )+ /"^dlV^Hl + || V 2 ^'||l)^ < ^(H v^t/olll + || Vrfolll)- (4.2) 

0<t<T Jo 

By (14.11) and (14.21) . it follows from Gagliado-Nirenberg inequality that 

pi \u j \ 2 dx< [ (\p j - ~p\\u j \ 2 + fP\u j \ 2 )dx 
Jr 2 Jr 2 

<C(|| V / P^ll2+l|Wo||2)+ / \P> ~ ~ P \\ui\ 2 dx 

Jr 2 

<C r (||V^«o||2+l|Vdo||i)+ ( f \f?-p\ q dx\ "(I \u^^dx 

\Jr 2 J \JR 2 



/ r \ (<?-!)/<? / r \ 1/9 

<C(||V^«oll2+l|Vdo||^ + C||p -p|| 3 / kfcfc / |W| 2 dx 

<£ / |« J ] 2 dx + C'(|| v ^ U olll + l|Vdo||l) + C|| / 9o-/5||« f \Vu 3 \ 2 dx, 
1 Jr 2 Jr 2 

and thus 

\u 3 ] 2 dx<C(\\^ u \\l+\\Vd \\ 2 2 )+C\\p -p\\l / |W| 2 dx, 



which, by (14. 2p . there holds 

f [ \u 3 \ 2 dx < C(\\ Vp^oll 2 + ||Vdb||3 + IlPo - P\\ q q )(T + 1). (4.3) 
Jo Jr 2 

By Ladyzhenskaya inequality and Gagliado-Nirenberg inequalities, it follows from (14. 2p and 
(Ojl that 

||Vdi 4 L4(QT) < £7(||VS«o||l + HVdolll) 2 , (4.4) 
< C(T + l)(\\Vp- u \\l + || Vd Q \\l + ||po - g G [2, oo). (4.5) 
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On account of these two inequalities, there holds 

Ik • Vd\\ L4/3{0>T . Lrm) < C(T + l)(||V^uo||2 + HVrfolla + IlPo - p\\ q q ), r G [4/3,4), 
and thus, it follows from equation (11.41) that 

\\dtd j \\ Li /z^ T] L^)) ^ °( T + Wllv^olla + HVdolll + \\Po ~ P\\l + 1). 
By Lemma [3.11 there is a subsequence, still indexed by i, such that 

d i -»> d in L 2 (0, T; ^(5^(0))) for all R G (0, oo). 

By (TOD and (USD, there holds 

||pV (8) M J ||L2 (0)T . L r( 1 ;2 )) < C \ \ V? \ | L oc (0jT;L 2 ( R 2)) 1 1 V? \ \ L 2 ( ,T;ZA/(2-r) (R 2)) < C, for T G [1,2). 

(4.6) 

By the aid of (jOJ) and (Oil , it follows from (OJ) that 

= [ [ (VcF <g) VcP + pV <g> m j - W) : Vtpdxdt 
Jo Jr 2 

+ I|V^|| L 2 ( q t) ||V^||l2(q t )) 

<C(||V</?|| L 2 ( q t ) + ||V</?||i2(Q )T;Lg ( R 2))) < C||^|| L 2(o,T;^ a (R 2 )) 

for any q G (2, oo) and ip G L 2 (0,T; H 2 ) with div<^ = 0. Now, we can apply Lemma 14.11 to 
deduce that -> ^fpu in L p (0, T; L r (B R (0)) with 2 < p < oo and 1 < r < and 

i? G (0, oo). Hence, we can take the limit i — > oo to conclude that (p,u,d) is a weak solution 
to the system (jl.ip - (jl.5p with the initial data (p ,u ,d ). The proof is complete. 
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